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Abstract: We investigate Planck scale boundary conditions on Higgs quartic interactions
and their β-functions in the SM augmented by an additional complex scalar. We use
renormalisation group running at two-loops, and include both theoretical and experimental
constraints. We find that the boundary condition λ = βλ = 0 at the Planck scale is
compatible with the current Higgs and top mass measurements, but requires additional
scalars lighter than about 600 GeV.
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1 Introduction
The Standard Model (SM) is an enormously successful descripton of the strong and elec-
troweak interactions, and the discovery of the Higgs at the LHC [1] is just one of a long list
of experimental validations that it can boast. However, the combined ATLAS and CMS
value of the Higgs mass [2], mh = 125.09±0.23 GeV, is in a phenomenologically tricky range
for the most popular frameworks Beyond the Standard Model (BSM). Supersymmetric or
composite Higgs models can provide a 125 GeV Higgs, but in general this requires either a
large tuning of parameters or a non-minimal field content [3–5], leaving us in a situation
where they are neither favoured nor excluded. Add to this the seemingly very SM-like
nature of the Higgs [2, 6–8] and we find searches for BSM physics in a difficult position.
Many extensions of the Standard Model try to deal with its shortcomings by introducing
new fields at around the TeV scale. However, these extensions must now evade increasingly
strong experimental bounds on couplings and interactions.
The current lack of experimental evidence for BSM physics encourages exploration of
whether the SM is a valid description of physics up to very high energies such as the Planck
scale, MPl. Figure 1(a) shows that using the central values of the top pole mass mt and
the strong coupling constant αs (MZ) in the calculation of the running results in the Higgs
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quartic coupling λ turning negative at an energy scale µ ∼ 1010 GeV. Requiring absolute
stability of the vacuum puts a limit on the top mass [3],
mt < 171.36± 0.46 GeV, (1.1)
which is in tension with the current experimental value by about 2.6σ. It would seem that,
assuming validity up to high scales, the SM has a metastable electroweak vacuum with a
lifetime much longer than the age of the universe. If we insist upon a stable vacuum then we
should consider metastability of the SM vacuum as an indication of some as yet unknown
degrees of freedom that, when included in the RGE analysis, stabilises the potential.
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Figure 1: Three-loop running of the SM Higgs quartic coupling λ and its β function with
3σ uncertainties from the top pole mass mt (dashed) and the strong coupling constant αs
(dotted). Calculated using SARAH 4.9.3 [9] and FlexibleSUSY 1.6.1 [10–13].
An interesting feature of the running of the Higgs quartic coupling λ, shown in Figure
1(a), is that at high scales λ is very small. Not only that, but the running of λ flattens
out, i.e βλ ≈ 0 shown in Figure 1(b). These properties of the Higgs quartic coupling has
led to investigations into whether they are boundary conditions that are a consequence of
some high scale dynamics at MPl [14–20].
The main focus of this article is to consider whether a simple extension to the scalar
sector of the SM can display behaviour that is in keeping with the existence of such high
scale boundary conditions whilst also being compatible with theoretical and experimental
constraints. To that end we add a complex singlet to the SM, which is the simplest extension
that can provide a dark matter candidate as well as a first step towards an explanation for
the matter anti-matter asymmetry of the universe via CP violation [21]. The parameter
space of this model allows for two distinct phases: one consisting of two scalars that mix
and one dark matter candidate; and another where all three scalars mix freely. The more
complicated potential and the altered running of the scalar quartic couplings also opens up
the possibility of a stable vacuum. In this article we examine the parameter space of both
phases, requiring points that are perturbative and stable up to the Planck scale, provide
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a SM Higgs candidate, and are not excluded via experimental collider and dark matter
constraints. We further consider the scalar quartic couplings and their RGE evolution at
high scales to determine if they display the behaviour indicative of high scale boundary
conditions, and whether there are any measurable low energy consequences.
In section 2 we discuss in detail the connection between the high scale behaviour of the
SM and the boundary conditions that may arise due to dynamics at that scale. In Section 3
we detail the structure and phases of the Complex Singlet extension of the SM. In section 4
we describe our methodology in performing the analysis of the parameter space, as well as
the theoretical and experimental constraints that we apply. In sections 5 and 6 we discuss
our results for the two phases of the model, and in section 7 we make our conclusions.
2 Planck Scale Boundary Conditions and the Standard Model
We are primarily interested in the following boundary conditions in the Standard Model
at MPl,
λ (MPl) = 0, (2.1)
βλ (MPl) = 0. (2.2)
These conditions may arise for a number of reasons. For example, the Multiple Point Prin-
ciple (MPP) requires the effective potential have two degenerate vacua: the electroweak
vacuum as well as a second vacuum at a high scale such as MPl [22]. Using the assump-
tion Veff ≈ 14λ (µ)φ4, where φ is the Higgs field, a second minimum at MPl requires both
conditions 2.1 and 2.2 be satisfied,
dVeff
dφ
∣∣∣∣
φ=MPl
= λ (µ)φ3 +
1
4
βλ (µ)φ
4 = 0. (2.3)
The MPP hypothesis gave an early prediction of the Higgs mass of mh = 135 ± 9 GeV,
while a more recent calculation of the Higgs mass using a newer top-quark mass gave a
prediction of mh = 129±1.5 GeV [3]. Although this is not compatible with our by now very
accurate Higgs mass measurement, it is still rather remarkable. Subsequent investigations
into this principle extend the SM with new fields to alter the running of λ in the hope of
satisfying the MPP conditions with a viable Higgs mass, for example [23–28].
Another high scale suggestion is to enforce Asymptotic Safety in the SM, possibly using
gravitational contributions to the RGEs at MPl [29–33]. In this scenario the running of
the quartic coupling is altered at scales beyond some transition scale, e.g MPl,
µ
dλ
dµ
= βSMλ + β
grav
λ = β
SM
λ +
a
8pi
µ2
M2Pl
λ. (2.4)
where a encodes the nature of the gravitational contribution to the running. The coupling
λ may then reach an interacting UV fixed point, allowing the SM together with gravity
to be valid up to arbitrarily high energies. The approach outlined in [29] predicts a Higgs
mass in the range 126 GeV < mh < 174 GeV, with the intriguing lower limit arising when
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both boundary conditions 2.1 and 2.2 are met. However, it is not clear that the above
gravitational contribution should really be used aboveMPl, where effective quantum gravity
no longer applies. There also remains a question over its gauge dependence.
Asymptotic safety requires an interacting UV fixed point, and should not be confused
with Asymptotic Freedom, where couplings are required to flow to zero at high scales. Total
Asymptotic Freedom (TAF), where all the interaction couplings tend to zero, would also
allow the model to be valid up to infinite energies. The fact that the hypercharge coupling
of the SM eventually hits a Landau pole means that extensions which exhibit TAF need to
embed the SM U(1) into some larger group such as in a Pati-Salam model [34–37]. There
have also been a number of recent investigations into Total Asymptotic Safety (TAS) in
Ref. [38–45]. Models that exhibit TAS may use just the SM gauge group and usually involve
adding large numbers of scalars and vector-like fermions in a variety of representations.
Both the TAF and TAS scenarios are more involved than the simple extension we
consider in this article. Here we consider boundary conditions generally, with an eye on
their consequences at scales that can be directly probed by experiment, rather than focusing
on the specific UV mechanism from which they arise.
Figure 2 shows contours corresponding to the boundary conditions 2.1 and 2.2 in
the mh − mt plane, indicating that a Higgs heavier than that experimentally observed
is needed to require both conditions are satisfied, using the central values of mt and αs.
These contours are calculated using three-loop SM RGEs; the Higgs mass is calculated
to two-loop order, while the top mass additionally contains three-loop QCD corrections.
This plot is in agreement with the similar plot in Ref. [14], but we use a different value of
the uncertainty in the strong coupling constant αs (MZ) = 0.1181± 0.0013 to reflect more
recent estimates [46]. We also use the reduced Planck scale MPl = 2.4 × 1018 GeV as our
scale at which these boundary conditions are set. Figure 2(a) shows that λ (MPl) = 0 can
be satisfied with an acceptable value of mh for a top mass 171 GeV . mt . 174 GeV, and
although the corresponding value of βλ (MPl) is not zero, it is extremely small.
So far (and for the rest of this paper) we’ve required that these boundary conditions
are satisfied at MPl, but it is possible that the mechanisms by which these conditions
come about become relevant at scales lower than MPl. Figure 2(b) shows points in the
mh − mt plane that satisfy both boundary conditions λ = βλ = 0 simultaneously at
different UV scales MUV. The green region corresponds to a 1σ uncertainty in αs. We see
it is possible to obtain a Higgs mass that is within experimental limits by applying these
boundary conditions at MUV ≈ 5× 1017 GeV. It’s interesting to note that this is a scale of
importance in string scenarios (see e.g [47, 48]).
3 The Complex Singlet Extension of the Standard Model
We investigate the phenomenologically viable regions of parameter space in the complex
singlet extension of the SM to examine the effect of high scale boundary conditions. We
include a complex scalar field S = S1 + iS2 that is a singlet under the SM gauge group,
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Figure 2: (a) λ (MPl) = 0 (red) and βλ (MPl) = 0 (black) contours in the mh−mt plane.
The dashed lines show 3σ variations in αs (MZ) = 0.1181± 0.0013. (b) Mass values that
satisfy λ(MUV) = βλ(MUV) = 0 at various UV scales MUV . The green region corresponds
to a 1σ uncertainty in αs. Ellipses show the experimentally allowed values of mt and mh
with 1σ (dark grey) and 3σ (light grey) uncertainty.
and consider a scalar potential of the form
V =
µ2
2
H†H +
λ
4
(
H†H
)2
+
δ
2
(
H†H
)
|S|2 + b2
2
|S|2 + d2
4
|S|4 +
(
b1
4
S2 + a1S + c.c
)
(3.1)
This model was first discussed in Ref. [49], where a U(1) symmetry was used to simplify
the model and remove complex phases. This U(1) is softly broken by the term ∝ b1 and
a1. For other recent investigations into the phenomenology of this model see, for example,
Refs. [49–55]
Our implementation of this model in FlexibleSUSY is more straightforward if we con-
sider the equivalent theory in terms of two real scalars. Therefore we make use of the
parameter definitions
b± =
1
2
(b2 ± b1) , (3.2)
which function as (squared) masses for the two real scalar fields. During electroweak
symmetry breaking, the complex singlet field acquires a non-zero vacuum expectation value
(vev) for its real, and possibly imaginary, part. If both real and imaginary parts acquire
non-zero vevs,
S =
1√
2
[vs1 + s1 + i (vs2 + s2)] , (3.3)
we call this the broken phase, following the nomenclature of Ref. [52]. Therefore, in addition
to the bilinear terms µ2 and b± which are fixed via the electrowak vacuum minimisation
conditions, the model is described by
λ, d2, δ, vs1 , vs2 , a1. (3.4)
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Broken Phase Input
λ (MZ) 0− 0.5
d2 (MPl) 0− 0.5
δ (MPl) 0− 0.5
vs1 0− 2000 GeV
vs2 0− 2000 GeV
a1 −
(
108 − 0) GeV3
DM Phase Input
λ (MZ) 0− 0.5
d2 (MPl) 0− 0.5
δ (MPl) 0− 0.5
vs1 0− 2000 GeV
b− 0− 105 GeV2
a1 −
(
108 − 0) GeV3
Table 1: Input parameter ranges for the numerical analysis of the (left) broken and
(right) DM phases.
In this phase, all three scalar field fluctuations h, s1 and s2 mix.
In contrast, if the vev of the imaginary part remains zero, the second electroweak
vacuum minimisation condition (for S2) is trivial and b− becomes a free parameter. In this
case the input parameters are
λ, d2, δ, vs1 , b−, a1. (3.5)
Now we find ourselves in the dark matter (DM) phase, where mixing is allowed only between
h and the real part of the complex singlet field s1. The imaginary part s2 does not mix
and is a dark matter candidate kept stable by the symmetry S2 → −S2.
In this work we describe each point in parameter space using the potential couplings,
but we note that in some circumstances it may be more useful to use the Higgs masses,
vevs and mixing angles as inputs. We also allow the top pole mass mt and the strong
coupling constant αs (MZ) to vary as input parameters by ±3σ of their central values to
take into account their contribution to the uncertainty in our results.
To investigate the RGE evolution of the scalar quartic couplings we use β functions
calculated to two-loops by SARAH. The gauge coupling β functions in this model are
identical to those in the SM. The running of the Yukawa couplings deviates only very
slightly from the SM, and has no significant impact on our study, but is included for
completeness. These β functions are detailed in Appendix B.
4 Numerical Analysis and Constraints
We are interested here in the effect of boundary conditions on some or all of the model’s
quartic couplings at the Planck scale. In particular, these are:
λ, δ, d2 = 0, (4.1)
βλ, βδ, βd2 = 0. (4.2)
We fix values of d2 and δ at the Planck scale, λ at MZ , as well as low scale values of vs1 ,
vs2 (in the broken phase), b− (in the DM phase) and a1, and calculate the resulting mass
spectrum, applying phenomenological and experimental constraints to each point. We use
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the Mathematica package SARAH 4.9.3 [9] to calculate the β functions at two loops for
all of the model parameters. SARAH also calculates all of the mass matrices, tadpole
equations, vertices and loop corrections required by spectrum generators to provide the
mass spectrum. We use FlexibleSUSY 1.6.1 [10–13] to build a spectrum generator using
the SARAH output, and calculate the mass spectrum. This requires repeated running
between MZ and the reduced Planck scale MPl to obtain convergence of low and high
energy parameters. The input parameter ranges for our scan of poth the broken and DM
phases are detailed in Table 1
Valid scenarios must result in a vacuum that is bounded from below up to MPl. To
that end we require the parameters satisfy three stability conditions at all scales [51]
λ ≥ 0, (4.3)
d2 ≥ 0, (4.4)
δ +
√
λd2 ≥ 0. (4.5)
We also require all of the dimensionless couplings of our model remain perturbative up to
MPl. Specifically, for the Higgs quartic couplings this implies, at all scales,
λ, δ, d2 <
√
4pi. (4.6)
We further check the stability of the vacuum using Vevacious [56] which minimises the one-
loop effective potential for each scenario and checks if the EWSB minimum is the global
minimum. We accept points that provide a stable vacuum up to MPl. Finally, we insist
the mass spectrum of valid points must contain an SM-like Higgs candidate with mass
124.7 GeV ≤ mhSM ≤ 127.1 GeV. This is a wider range than the experimental uncertainty
in order to incorporate an estimate of the theoretical error.
Perturbativity, vacuum stability and the existence of an SM Higgs candidate are strong
theoretical constraints on the parameter space of this model, invalidating the vast majority
of the points investigated by our numerical analysis. However, since our goal is to examine
scenarios that are phenomenologically compatible with current experiment, we must also
apply constraints from the LHC Run-I, LEP and the Tevatron. We use HiggsBounds 4.3.1
[57] and HiggsSignals 1.4.0 [58] to apply these constraints. The required inputs for both of
these are,
mhi , Γtotal (hi) , BR (hi → SM) , BR (hi → hjhk) ,
σ (hi)
σSM (hi)
, (4.7)
i.e. the scalar masses, their total decay widths, their branching ratios to SM fermions,
gauge bosons and the other scalars, and their production cross-sections for all production
modes, normalised to the SM production cross-sections evaluated at mhi .
We use sHDECAY [59–61] to calculate the branching ratios and total decay widths for
each of our scenarios. The couplings of the scalars hi to the SM particles are suppressed
with respect to the SM by the entry Ri1 of the Higgs mixing matrix (see Appendix A).
Therefore the signal strength is reduced to
µi = R
2
i1
R2i1Γ (hSM → SM)
R2i1Γ (hSM → SM) +
∑
Γ (hi → hjhk)
, (4.8)
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which reduces further to R2i1 if decays to new scalars are forbidden. The decay widths to
scalars are [53],
Γ (hi → hjhj) =
g2ijj
32pimi
√
1− 4m
2
j
m2i
(4.9)
Γ (hi → hjhk) =
g2ijk
16pimi
√
1− (mj +mk)
2
m2i
√
1− (mj −mk)
2
m2i
(4.10)
where gijj and gijk are the couplings between the scalars.
Inputing these into HiggsBounds provides 95% exclusion limits arising from the decay
of new scalar states. Note, however, that the scalar-to-scalar decays in HiggsBounds version
4.3.1 includes only exclusion limits arising from decays of scalars to identical scalars hi →
hjhj
1 (For recent work on di-Higgs production with different masses see [62].) HiggsSignals
uses the same input as HiggsBounds to calculate a χ2 comparison to the observed SM Higgs
production, which we also convert to a 95% exclusion.
The DM phase of the model must also conform to bounds arising from the DM relic
density, which we calculate using micrOMEGAS [63] and compare to the combined WMAP
[64] and Planck [65] experimental results,
Ωh2 = 0.1199± 0.0027. (4.11)
The DM annihilation processes that contribute to the relic density include s-channel an-
nihilations into fermions, W+W− and ZZ, as well as to the SM higgs via the s, t, and
u-channels. We exclude points with results greater than Ωh2 + 3σ, allowing for the pos-
sibility that the scalar is not the only contribution to the dark matter relic density but
ensuring that our DM candidate does not overclose the universe.
Additionally we impose constraints from DM direct detection experiments that place
limits on the spin independent scattering cross section σSI of weakly interacting massive
particles (WIMPs) on nucleons. The strongest constraints on WIMP DM from direct
detection currently come from the LUX experiment [66] and are dependent on the mass of
the DM candidate. The cross-section for a WIMP dark matter candidate on a proton can
be calculated using [50],
σSI =
m4p
2pi (mp +mhDM )
2
δ
(
b1 −m2hDM
)
2m2h1m
2
h2
2 ∑
i=u,d,s
fpi +
2
27
(3fG)
2 , (4.12)
where mp is the proton mass, mhDM is the DM candidate mass, mhi are the remaining
two Higgs masses, and fpi, fG are proton matrix elements [67]. We use micrOMEGAS
to calculate σSI for each scenario and exclude those that result in a σSI larger than the
relevant limit from the 2016 LUX data.
1A beta version of HiggsBounds 5 is now available which does support decays to different scalars, however
there are currently no experimental results available for such signatures. We also note that HiggsBounds
4.3.1 and HiggsSignals 1.4.0 only include LHC Run-I data.
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5 The Broken Phase
We now present results of our numerical analyses of the broken phase, in which all three
neutral scalars mix, applying the theoretical and experimental constraints described in
section 4. In this phase we call the SM-like Higgs mhSM , whilst the remaining two scalars
are identified as mhLight and mhHeavy , with mhLight < mhHeavy . (Note that hLight may still
be heavier than the SM-like Higgs, and correspondingly hHeavy may be lighter.)
In figure 3 we see 1σ (green) and 3σ (yellow) regions in the mhSM −mt plane of the
broken phase that satisfy both boundary conditions λ (MPl) = βλ (MPl) = 0 for different
values of vs1 and vs2 . The soft bilinear term a1 and the complex singlet quartic coupling
d2 are kept fixed, whilst each line corresponds to a different high scale value of the Higgs
portal coupling δ. We see it is possible to satisfy the experimental constraints on the masses
of both the top and the SM-like Higgs whilst meeting both high scale boundary conditions.
This compatibility is possible for a relatively large range of extra scalar masses. In
Figure 4 we show light (a) and heavy (b) scalar masses resulting from a scan of parameters
and their corresponding high scale values of λ and βλ, once the theoretical and experimental
constraints have been applied. We allowed d2 and δ (at MZ) to vary between 0–0.5, the vevs
vs1 and vs2 between 0-2 TeV and a1 between −(464 GeV)3 and zero. λ(MZ) takes values
between 0.2 and 0.43, potentially differing from the SM central value due to variation in
the top mass, αs, and the new states. Here we are interested in the points with λ = βλ = 0
at the Planck scale, so those in dark blue to the left of the plots. For clarity of the plots
we restrict them to only show scenarios for which βλ(MPl), βδ(MPl), βd2(MPl) ≤ 0.05, but
note that very few points exceed this value.
Before proceeding we should clarify what we really mean by a parameter, such as λ or
βλ, being zero at MPl. At first glance one might expect that we should set these parameters
to be exactly zero at the Planck scale. However, we must acknowledge that the relation
between these parameters and our calculated low scale masses is necessarily perturbative.
Therefore we should not restrict ourselves to keeping these parameters exactly zero but
allow small values consistent with our uncertainty.
To provide an estimate on the uncertainty in our RGE evolution, we consider the
difference between high scale parameters derived from the one-loop and two-loop Higgs
quartic coupling RGEs (fixed at the low scale) and consider our parameters to be “zero” if
they are smaller than this amount. For λ this allows relatively large values of up to 0.067,
while for βλ we have a much tighter constraint of
βλ . 0.00005, (5.1)
so only the very darkest points of Figure 4 satisfy βλ = 0. One should not confuse this
allowance with the uncertainty in λ or βλ due to the top quark mass or αs, which are
already taken into account when applying low energy constraints.
We note that Figure 4 contains a significant number of scenarios where the lightest
extra scalar is considerably lighter than the SM Higgs boson. Since the model only couples
the new scalars to the SM Higgs doublet, these scenarios escape detection at the LHC if
the mixing with the SM Higgs is very small. The relevant quantity is R211 (see Eq. 4.8 and
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Figure 3: Points in the mhSM − mt plane that satisfy λ (MPl) = βλ (MPl) = 0 for
δ (MPl) = 0.1, 0.08, 0.05, 0.01 with (a) vs1 = vs2 = 1 TeV (b) 1.5 TeV (c) 2 TeV and
(d) 5 TeV. The green (yellow) region corresponds to ±1 (3)σ uncertainty in αs (MZ) =
0.1181±0.0013, whilst the ellipses show the experimentally allowed values of mt and mhSM
at 1σ (dark grey) and 3σ (light grey) uncertainty.
Appendix A), which we show in Fig. 5, demonstrating that the lightest scalar is indeed
very decoupled in these scenarios.
We are in principle also interested in the high scale constraints d2 = βd2 = 0 and/or
δ = βδ = 0. However, we note that setting δ to zero at MPl decouples the extra scalars
from the SM altogether, and since βδ = 0 for this choice, δ remains zero at all scales and
the new scalars are unobservable. However, as argued above, it is not unreasonable to
consider δ small at the Planck scale, which is anyway phenomenologically necessary to
keep the observed Higgs “SM-like”. For non-zero values of δ, it is also not possible to set
d2 exactly to zero at MPl since it is immediately driven negative by RG running and the
vacuum destabilises according to 4.4. Again, we are forced to only consider d2 small at the
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Figure 4: Higgs quartic coupling λ (MPl) and βλ (MPl) compared to the light additional
Higgs mass mhLight or the heavy additional Higgs mass mhHeavy . Parameter points pass the
theoretical and experimental constraints of Section 4. The grey band shows the SM Higgs
mass range. Only points with βλ(MPl), βδ(MPl), βd2(MPl) ≤ 0.05 are shown.
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Figure 5: The mhLight −mhHeavy plane with corresponding values of the squared Higgs
mixing matrix elements R211. All points shown pass the theoretical and experimental con-
straints of Section 4. The grey band highlights the SM Higgs mass range. Only points
with βλ(MPl), βδ(MPl), βd2(MPl) ≤ 0.05 are shown.
Planck scale and posit some new physics that causes this small deviation.
In Figure 6 we show the space of allowed d2 and δ and their high scale β functions. As
before, for clarity we exclude parameter points with β functions larger than 0.05 at MPl.
As for βλ, the vast majority of the valid points have βδ lower than this cutoff, but we note
that βd2 was able to be somewhat higher than 0.05.
As one might expect, small values of the quartic couplings correspond with small values
of their respective β functions. It is also interesting to note that there exist valid scenarios
that simultaneously have small values of both λ, δ, d2 and βλ,δ,d2 at the Planck scale. These
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Figure 6: High scale Higgs quartic couplings d2 and δ with their β-functions. Parameter
points pass the theoretical and experimental constraints of Section 4.
results make it clear that its possible to have a phenomenologically valid mass spectrum in
the broken phase that is compatible with both the theoretical and experimental constraints
whilst also allowing for the boundary conditions λ = βλ = 0 to be at least approximately
met.
In Figure 7 we demonstrate the different scalar mass hierarchies in themhLight−mhHeavy
plane, for small values of λ and βλ at the high scale. The grey bands for the SM Higgs
mass cut the space into regions that have either two additional Higgs masses that are less
than mhSM (bottom-left quadrant), one less than mhSM and one heavier (top-left), or two
heavier additional scalars (top-right). The effect of the experimental constraints described
in Section 4 can be seen by comparing Figures 7(a) and 7(b). In Figure 7(a) we apply
only theoretical constraints (such as vacuum stability), while in 7(b) we also apply the
experimental bounds. Irrespectively, the majority of valid points fall into the top-left or
top-right quadrants. The blue points respect only the (unrestrictive) bound βλ < 0.05,
while red points have βλ < 0.00005 and are therefore consistent with zero. The smaller
cutoff excludes all of the points with two scalars lighter than mhSM and most of the points
where the SM Higgs is the lightest of the three. Indeed, the lighter additional scalar mass
never exceeds about 260 GeV when the more restrictive cutoff is used. The heavier scalar
never falls below ∼ 140 GeV and never exceeds ∼ 800 GeV.
Using the difference between one- and two-loop running to estimate what constitutes
“small” for the β-functions of δ and d2, we find the constraints,
βδ (MPl) . 0.00025,
βd2 (MPl) . 0.001. (5.2)
No broken-phase parameter points survive if we include all three of the tightest β-function
constraints simultaneously in addition to the experimental constraints, indicating that
strictly enforcing the conditions 4.1 and 4.2 is incompatible with experiment. However,
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Figure 7: Compatible values of mhLight and mhHeavy in the broken phase for different high
scale βλ constraints. (a) includes points that are stable and perturbative up to MPl and
include an SM Higgs candidate, whilst (b) also enforces all experimental constraints. All
points obey λ < 0.067 at MPl. Blue points obey βλ < 0.05 at MPl while red points obey
the more restrictive condition βλ < 0.00005. The grey bands highlight the SM Higgs mass
range.
if the boundary conditions are imposed by some new UV theory or principle, it may be
that new physics exists at or around MPl that distorts the running of the quartics as we
approach. Without knowing the form of this UV completion, we don’t know the size of
these threshold corrections, so don’t know how much deviation from zero we should allow
in our boundary conditions. With this in mind we may regard these constraints as too
conservative. To investigate their loosening, we somewhat arbitrarily relax our boundary
condition cut-offs to ten times those of 5.1 and 5.2. We now find the points survive and
plot these in figure 8. Notice that this also loosens of the constraint on βλ (MPl) used in
figure 7 and now a small number of points survive that have the SM Higgs as the heaviest
of the three scalars.
6 The Dark Matter Phase
In the dark matter phase only two of the three scalars are allowed to mix, with the third
becoming a dark matter candidate. We call the non-SM-like Higgs as hNew whilst the DM
scalar is hDM . Figure 9 shows high scale λ vs. either mhNew or mhDM , including theoretical
and experimental constraints, as well as each point’s corresponding value of βλ (MPl).
Figure 10 shows the valid ranges of d2 and δ as well as their respective β-functions at MPl.
These figures are analogous to Figures 4 and 6, and again for clarity we are restricting the
β-functions at MPl to be smaller than 0.05.
In contrast to the broken phase, most of the valid points have a additional Higgs mhNew
greater than the SM Higgs mass, illustrated by the grey horizontal band, with the majority
of those points falling into a range between around mhSM and approximately 500 GeV. It’s
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Figure 8: Compatible values of mhLight and mhHeavy in the broken phase with restrictions
on βλ, βδ and βd2 . (a) includes points that are stable and perturbative up to MPl and
include an SM Higgs candidate, whilst (b) also enforces all experimental constraints. All
points obey λ < 0.067 at MPl. Blue points obey βλ,δ,d2 < 0.05 at MPl while red points
obey βλ < 0.0005, βδ < 0.0025 and βd2 < 0.01. The grey bands highlight the SM Higgs
mass range.
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Figure 9: High scale Higgs quartic coupling λ vs. the additional Higgs mass mhNew or
the DM scalar mass mhDM , with values of βλ. Parameter points pass the theoretical
and experimental constraints of Section 4, including dark matter relic density and direct
detection constraints. The grey band shows the SM Higgs mass range.
interesting to note that the points that do result in mhNew < mhSM have smaller values of
λ (MPl) . 0.1. As was the case in the broken phase, smaller values of the quartic couplings
correspond to smaller β functions. The dark matter candidate mass mhDM has a lower
limit of about 40 GeV, as can be seen in Figure 9(b), which is in keeping with the results of
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Figure 10: High scale Higgs quartic couplings d2 and δ with their corresponding β-
functions, in the DM phase. Parameter points pass the theoretical and experimental con-
straints of Section 4, including dark matter relic density and direct detection constraints.
[52]. Here, however, we point out that points at this low end of the mass range also have
small values of both βλ (MPl) and βδ (MPl).
Figure 11 examines the extra scalar masses when we restrict λ and βλ to be consistent
with zero. Again, for comparison, we show points with a very unrestrictive βλ < 0.05
is blue before demonstrating the effect of the constraint βλ < 0.00005 in red. No points
with mhNew < mhSM survive the stronger constraint on βλ, and the majority of the points
that do survive have almost degenerate masses of mhNew and mhDM . The tree level masses
of mhNew (mhDM ) have a linear dependence on a1 (b−) which appears to dominate when
both of the additional scalars are heavier than the SM Higgs (the mass matrix is described
in Appendix A). This degeneracy is visible in the parameter space where only theoretical
constraints are applied but is much more pronounced when the experimental constraints are
also in place, where much of the parameter space is ruled out primarily via the WMAP and
Planck relic density constraint. There is a lower limit mhNew & 130 GeV if we include only
the theoretical constraints, which rises to & 160 GeV if we include experimental constraints.
This lower limit in mhNew is similar to the lower limit on mhHeavy in the broken phase that
we discussed in Section 5.
Looking at figure 11 might suggest that small values of the β functions at the Planck
scale correlates with a small mass difference ∆m = |mhNew −mhDM |. However, while 80%
of the points that pass through the constraint λ < 0.067, βλ < 0.00005 (red points) result
in ∆m < 40 GeV, so do 67% of the (blue) points that don’t. This tendency towards
degeneracy is a feature of all of the points that satisfy the theoretical constraints outlined
in section 4. These points exhibit small values of the soft U(1) breaking parameters a1 and
b1, forcing a small ∆m [53]. It is interesting to note that many points in the degenerate
mass region can completely account for the dark matter relic density, as shown in figure
12. The degeneracy opens up co-annihilation channels involving both mhDM and mhNew
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Figure 11: Compatible values of mhNew and mhDM in the DM phase for different high
scale βλ constraints. (a) includes points that are stable and perturbative up to MPl and
include an SM Higgs candidate, whilst (b) also enforces all experimental constraints. All
points obey λ < 0.067 at MPl. Blue points obey βλ < 0.05 at MPl while red points obey
the more restrictive condition βλ < 0.00005. The grey bands highlight the SM Higgs mass
range.
that enter the relic density calculation [68, 69]. These new channels help bring down the
relic density to within the 3σ range.
As in the broken phase, no DM phase points survive when 5.1 and 5.2 are applied
simultaneously with the experimental constraints. However, we see scenarios survive if we
relax the constraints by a factor of 10. These scenarios are shown in Figure 13.
7 Conclusions
We have examined the Complex Singlet extension of the Standard Model with additional
constraints on the model’s quartic couplings at the Planck scale. These boundary conditions
may arise due to high scale requirements of the potential in the Multiple Point Principle,
or the evolution towards a UV fixed point, as in the Asymptotic Freedom or Asymptotic
Safety scenarios. Here we have not focused on the precise mechanism by which these
conditions may have arisen, but examine the boundary conditions themselves to see if they
are compatible with theoretical constraints and experimental observations.
The model exhibits multiple phases, including a “broken” phase, in which both real
and imaginary parts of the extra singlet gain a vev and the three scalars all mix; and the
“Dark Matter” phase, in which only the real part of the extra singlet gains a vev, only two
scalars mix and the remaining scalar provides a stable dark matter candidate.
We investigate a wide range of parameter space in both phases, rejecting parameter
choices that do not provide a SM-like Higgs with mass ≈ 125 GeV. We also apply theoretical
constraints, such as vacuum stability and perturbativity up to the Planck scale MPl, and
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Figure 12: Comparison of dark matter relic density Ωh2 in the mhNew − mhDM plane.
Blue points result in Ωh2 < 0.128 whilst the red points satisfy the stronger constraint
0.1118 < Ωh2 < 0.128. (a) includes points that are stable and perturbative up to MPl and
include an SM Higgs candidate, whilst (b) also enforces all experimental constraints. The
grey band highlights the SM Higgs mass range.
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Figure 13: Compatible values of mhNew and mhDM in the DM phase with restrictions
on βλ, βδ and βd2 . (a) includes points that are stable and perturbative up to MPl and
include an SM Higgs candidate, whilst (b) also enforces all experimental constraints. All
points obey λ < 0.067 at MPl. Blue points obey βλ,δ,d2 < 0.05 at MPl while red points
obey βλ < 0.0005, βδ < 0.0025 and βd2 < 0.01. The grey bands highlight the SM Higgs
mass range.
further experimental constraints such as Higgs production and decay rates, and where
appropriate constraints on the Dark Matter relic density. We then examine the Planck
scale values of the Higgs quartic couplings and their corresponding β functions.
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The addition of the complex singlet gives considerable flexibility for imposition of the
boundary conditions λ = βλ = 0 at the Planck Scale. Indeed, we find regions of parameter
space in both the broken and DM phases where this boundary condition is realised while
maintaining compatibility with current theoretical and experimental constraints. Scenarios
with all quartic couplings, including that of the additional scalar and the Higgs portal
interaction, exactly zero are not possible since the Higgs portal never regenerates with
RGE running once it is set to zero at MPl. However, if some new physics theory at the
high scale makes it simply very small, then compatibility with all low energy observations
can be restored.
In the broken phase we found that the majority of valid scenarios have one additional
Higgs that is lighter than the SM Higgs and one that is heavier. In contrast, in the DM
phase most scenarios have additional scalars that are heavier than the SM-like Higgs and
degenerate with one another. These scalars are all rather decoupled and difficult to detect,
but could possibly be investigated at the high luminosity run of the LHC or at future
colliders [70]. Imposing λ = βλ = 0 requires the heaviest additional scalar in the broken
phase to be lighter than about 600 GeV, with a lower upper limit of ∼ 500 GeV in the DM
phase. These results are in keeping with previous work on vacuum stability in the complex
singlet model [52].
An interesting path for future work would be to investigate similar boundary conditions
in theories with additional field content. For example, how is this picture changed in a
two-Higgs-doublet model, or in theories containing vector-like fermions?
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Appendices
A Mass Matrices
The mass eigenstates H = (h1, h2, h3) are related to the gauge eigenstates ρ = (h, s1, s2)
by a 3x3 rotation matrix R,
Hi = Rijρj , (A.1)
with
R =
 c1c2 s1c2 s2−(c1s2s3 + s1c3) c1c3 − s1s2s3 c2s3
−c1s2c3 + s1s3 −(c1s3 + s1s2c3) c2c3
 , (A.2)
where si ≡ sinαi, ci ≡ cosαi and |αi| ≤ pi2 . The couplings of each of the scalars in the
model, λi, to the SM particles is scaled with respect to the SM scalar couplings λSM by
an element in R,
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λi = Ri1λSM . (A.3)
The matrix R also diagonalises the mass matrix M2, resulting in the Higgs masses mhi ,
RM2RT = diag (mh1 ,mh2 ,mh3) . (A.4)
In the broken phase, the tree-level mass matrix M takes the form,
M2broken =

µ2
2 +
δv2s1
4 +
δv2s2
4 +
3λv2
4
δvvs1
2
δvvs2
2
δvvs1
2 b+ +
3d2v2s1
4 +
d2v2s2
4 +
δv2
4
d2vs1vs2
4
δvvs2
2
d2vs1vs2
4 b− +
d2v2s1
4 +
3d2v2s2
4 +
δv2
4
 ,
(A.5)
whereas in the DM phase where vs2 = 0 the mass matrix becomes,
M2DM =

µ2
2 +
δv2s1
4 +
3λv2
4
δvvs1
2 0
δvvs1
2 b+ +
3d2v2s1
4 +
δv2
4 0
0 0 b− +
d2v2s1
4 +
δv2
4
 . (A.6)
B Renormalisation Group Equations of the Quartic Higgs Couplings
The two-loop β-functions that describe the running of the SM Higgs couplings λ, the Higgs
portal coupling δ and the complex singlet quartic coupling d2, as calculated using SARAH
[9]. Here gi are the SM gauge couplings and Yi are the Yukawa matrices.
β
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